ϩ is the main supplier of electrons to metal-free stars below 18000 K. To describe H 3 ϩ properly it is important to know its partition function. Previous determinations of this function are based on extrapolations from lower temperatures. A new partition function is presented that is calculated by explicit ab initio computation of levels lying up to 15,000 cm Ϫ1 above the ground state and with J Յ 20. The effect of all other bound levels of H 3 ϩ , which is significant at higher temperatures, is included using a simple model based on Padé approximants. The new partition function is very significantly larger (up to a factor of 100 in some cases) than previous estimates above 3000 K.
INTRODUCTION
The simple molecular ion H 3 ϩ is rapidly formed by the reaction H 2 ϩ H 2 ϩ 3 H 3 ϩ ϩ H.
H 3 ϩ is thus to be expected in any active environment containing molecular hydrogen (Dalgarno 1994; Miller, Lam, & Tennyson 1994) . So far, however, most studies of H 3 ϩ have concerned themselves with relatively cool environments; perhaps the hottest considered seriously has been the remnant of SN 1987A, for which it was necessary to allow for temperatures up to 3000 K . However, it is apparent that H 3 ϩ is also an important constituent of cool stars with low metallicity.
In metal-free stars the main source of opacity is generally believed to be H Ϫ . Electrical neutrality demands that the H Ϫ must be balanced by a corresponding population of positive ions. Below 18000 K and at higher pressures, H 3 ϩ is thought to be the major source of electrons. Because of this, the H 3 ϩ partition function becomes crucial in any attempt to model cool stars of low metallicity (Bergeron, Saumon, & Wesemael 1995; Allard & Hauschildt 1995) . Accurate previous partition functions for H 3 ϩ have been largely concerned with substellar temperatures (Tennyson & Sutcliffe 1984; Sidhu, Miller, & Tennyson 1992) . Chandra, Gaur, & Pande (1991) presented a function for the temperature range 500 -8000 K. This partition function was derived from a small set of calculated H 3 ϩ energy levels and is suspect at higher temperatures. In this work we present an H 3 ϩ partition function that we believe to be accurate over the temperature range 500 -8000 K.
Our partition function was calculated by summing energy levels explicitly calculated using high-accuracy ab initio methods augmented by levels computed using a simple model. H 3 ϩ is an equilateral triangle at equilibrium but can reach linear geometries with excitation energies as low as 12,000 cm Ϫ1 . Above linearity, calculations predict that there is a significant increase in the density of vibrational states (Berblinger et al. 1994) . To obtain an accurate partition function at 8000 K, it is necessary to account, approximately, for ever y bound state of the H 3 ϩ system. Our partition function is more than an order of magnitude larger than that presented by Chandra et al. (1991) over much of the temperature range they consider. Use of this new partition function is likely to have a profound effect on models of metal-free stars.
CALCULATIONS
As before (Sidhu et al. 1992) , the internal partition functions, z, for H 3 ϩ were computed by explicitly summing the series:
where J is the rotational quantum number, g i is the nuclear spin degeneracy factor for state i, and E i is the associated energy level. In the low-energy region (defined below), our calculation made no distinction between vibration and rotation energy levels. Because H 3 ϩ has only one bound electronic state, no electronic contribution to the partition function was considered. All energies were taken relative to the J ϭ 0 level of the vibrational ground state, which for H 3 ϩ has a statistical weight of zero.
Calculations were performed using the DVR3D program suite of Tennyson, Henderson, & Fulton (1995) , the spectroscopically determined effective H 3 ϩ potential energy surface of Dinelli, Polyansky, & Tennyson (1995) , and nuclear masses for the hydrogens. Calculations were performed in scattering coordinates (r 1 , r 2 , ), with the body-fixed z-axis taken to be parallel to the r 1 coordinate. Discrete variable representation (DVR) grids with 36, 40, and 32 points in the r 1 , r 2 , and cos coordinates, respectively, were used. These grids were based on the use of Morse oscillator-like functions for the r 1 coordinate and spherical oscillator functions for the r 2 coordinate. Associate Legendre polynomials were used for the angular coordinate. See Henderson, Tennyson, & Sutcliffe (1993) and Tennyson (1993) for further details of this procedure.
As states of A 1 symmetry have zero statistical weight ( g A 1 ϭ 0), ''even'' symmetry calculations which give these states were not attempted. Unfortunately, for technical reasons (Tennyson & Sutcliffe 1984) , the H 3 ϩ energies with E( g E ϭ 2) and A 2 ( g A 2 ϭ 4) symmetry could not be separately identified in the ''odd'' symmetry calculations. This problem was addressed by Sidhu et al. (1992) , who found that the high-temperature approximation (Miller, Tennyson, & Sutcliffe 1990 ) of using g ϭ 8/3 for all levels introduced an error of less than 0.2% for temperatures above 200 K. For temperatures below 500 K, we recommend the use of the partition function of Sidhu et al. (1992) , who hand-corrected the nuclear spin degeneracy factors for their 33 lowest levels.
We computed energies for all states up to 15,000 cm
Ϫ1
above the ground state and with rotational angular momentum, J Յ 20. In the first ''vibrational'' step of the calculation, the lowest 700 energy solutions were selected from a 3000 dimension secular problem, and the lowest 500 ϫ ( J ϩ 1) solutions were used to solve the full ro-vibrational problem (see Tennyson et al. 1995) . The wave functions generated in the course of these calculations will be used to create a comprehensive H 3 ϩ line list. The energy levels generated by these calculations are much more comprehensive than any previous treatment. Nonetheless, tests showed that at temperatures above 14000 K the truncation of our energy-level expansion introduced by the energy and J cutoffs causes the partition function to be significantly underestimated. The lowest level with J ϭ 21 lies only some 9000 cm Ϫ1 above the H 3 ϩ ground state. To compensate for these truncation effects, a simple model to introduce the effective contribution from levels at higher energies and/or higher J values was used.
Effective Hamiltonians, based on perturbation theory expansions, have often been used to fit rotational data for polyatomic molecules, but many do not extrapolate reliably. For this work we used an effective Hamiltonian given as a low-order, diagonal Padé approximant (Polyansky 1985) , which is better behaved than simple series representations (Polyansky & Tennyson 1992 ):
The 
These reproduced our data with a standard deviation of 4.9 cm Ϫ1 . Although a better fit could be obtained with a more flexible model, this model is adequate for our purposes.
The Padé formula gives a simple means of including rotational levels with J Ͼ 20 that belong to the ground vibrational state. However, these form only a small portion of the states missing from our sum. To model the rotational levels associated with the higher vibrational states, we assumed that the rotational structure of these states was the same as that for the ground state. This means that the energy of the ( J, K) level associated with vibrational state is given by
where E ( J ϭ 0) is the th vibrational band origin. This model thus employs the approximation (Sauval & Tatum 1984; Zhang, Day, & Truhlar 1993) that represents the partition function as a product of vibrational and rotational partition functions. In particular, the model neglects the complications introduced into the structure of the H 3 ϩ rotational levels by the vibrational angular momentum (Watson 1984) .
One further correction had to be made to this model: vibrational states of E symmetry have twice as many rotational levels, on average, as those with A 1 or A 2 symmetry. Components of the E states appear in both ''even'' and ''odd'' calculations; simply including both of these automatically introduces the required factor of 2. This procedure obviates the need to worry about symmetry assignments in the lists of band origins. These were taken from the present calculation up to 27,600 cm Ϫ1 . Above this, the band origins of Henderson et al. (1993) were used. These extend all the way to dissociation.
Although other models are discussed for test purposes below, our best partition function calculation used all levels explicitly calculated in the range defined by E Յ 15,000 cm
and J Յ 20. Outside this range, levels calculated using the model above were used provided these levels did not lie above dissociation of the H 3 ϩ molecule, defined as E ϭ 35,000 cm
or J ϭ 46 (Miller & Tennyson 1988 ). In our final (largest) calculation, the summation ran over a total of 187,115 levels, of which 5418 came from our ab initio calculation and the remainder from our extrapolation model.
RESULTS
It is necessary to consider the validity of the model proposed to deal with the levels not explicitly included in our calculation. For this purposes we consider two regimes: high rotational states, J Ͼ 20, and high energies, E Ͼ 15,000 cm Ϫ1 . To test the model for extrapolation on rotational excitation we considered a partition function, z J , calculated (a) only with levels below 15,000 cm Ϫ1 and (b) with rotational states less than or equal to J. As shown in Table 1 , at the highest temperatures considered z 16 is some 20% less than z 20 . However, if z 16 is corrected for the effects of rotational levels with J ϭ 16 -20 using the model described above, the resulting extrapolated partition function, z ext , is within 2% of z 20 at 10,000 K and is less than 1% in error at 4000 K.
To test the model for extrapolation to higher energies, we considered a partition function, z E , calculated (a) only with levels below E cm Ϫ1 and (b) with rotational states J Յ 20. As shown in Table 2 , z 10,000 seriously underestimates z 15,000 at even quite low energies. At 4000 K, it is more than 30% too low. If z 10,000 is corrected using the extrapolation procedure described above, the resulting partition function, z ext , is within 3% of the true value even at 10,000 K.
It is clear that our model extrapolation procedure works very satisfactorily. Our final test is to consider the effect of including progressively more high-lying levels in the sum; see Table 3 . In this case, because of the dissociation limit, z 35,000 includes all possible H 3 ϩ bound states, and it is not necessary to demonstrate convergence with increasing cutoff energy. For T Ͻ 3000 K, z 25,000 and z 35,000 are insignificantly different, but at T Ͼ 3000 K, the higher energy levels become increasingly important.
Column (6) of Table 3 , z 35,000 , represents our best estimate of
the H 3 ϩ high-temperature partition function. The tests described above suggest that this partition function should be within 5% of the true value in the temperature range 500 -8000 K. It is likely that, if anything, our partition function is slightly on the low side.
We have fitted our partition function to a standard formula (Sauval & Tatum 1984) by calculating it at 35 temperatures in the range 100 -10,000 K. Our fit is never more than 1% from our calculated value of log 10 ( z) for 500 K Յ T Յ 8000 K. It is given by log 10 ͑ z͒ ϭ n ϭ 0 6 a n ͑log 10 T ͒ n , 
For ease of use, the energy zero of the fit was taken to be the lowest allowed state of H 3 ϩ , i.e., the J ϭ 1, K ϭ 1 state, which lies 64.126 cm Ϫ1 above the spin-forbidden J ϭ 0 state.
DISCUSSION AND CONCLUSIONS
Figure 1 makes a comparison of our H 3 ϩ partition functions with previous estimates. This shows that we obtain good agreement with the results of Sidhu et al. (1992) over most temperatures they consider, although, as anticipated by these authors, their partition function is somewhat too low at their highest temperatures. Conversely, for T Ͼ 1000 K, the partition function of Chandra et al. (1991) is systematically too low. This error increases rapidly with temperature, and by 8000 K they get only 11% of our value! The large difference between our partition function and that of Chandra et al. is not entirely due to the leveling off of their partition function with temperature, which is undoubtedly caused by omission of energy levels. The upward curvature of NOTES-Values of z E were calculated using energy levels up to E cm Ϫ1 . z ext ϭ z 10,000 , plus the extrapolation for energies up to 15,000 cm Ϫ1 . Only levels with J Յ 20 were included in all cases.
